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Abstract—In this paper, we describe a measurement tech-
nique to identify a nonlinear system in the presence of nonlinear
source–pull. Models identified with continuous-wave measurement
data are not generalizable when nonlinear source–pull is present.
This is demonstrated on measured data and compared with the
performance of the proposed technique. The method is based
on two-tone signals with very close frequencies that excite the
system at the fundamental and harmonic frequencies. By varying
the phase relation between the beat components, the system’s
nonlinear behavior is separated from the nonlinear source–pull.
Note that such excitations can be generated using commercially
available synthesizers with single-sidebnad in-phase-quadrature
modulation options.

Index Terms—Nonlinear distortions, nonlinear source–pull.

I. INTRODUCTION

I N RECENT years, a growing interest appeared for modeling
the nonlinear behavior of microwave circuits. Prototypes of

nonlinear vectorial network analyzers became available (see [1]
and [5]), and the first attempts were made to model the mea-
sured nonlinear behavior using Volterra series approaches (see
[2] and [4]). In many cases, the aim is to model the relation be-
tween the fundamental incident wave and the nonlinear
distorted output waves , , and . Although
this seems at first glance to be a simple task, it turns out that
the interaction between the nonlinear circuit and the continuous
wave (CW) generator (nonlinear source–pull) complicates this
picture significantly. Due to these effects, the system is not only
excited by the pure carrier alone, but also by its higher
harmonic components and .

In principle, it should be possible to measure and identify
the full Volterra map that describes the relation between

and . How-
ever, the experiment is not “rich” enough to get a reliable
estimate. The user sets only on the CW source:

and are unwanted contributions created by the
source–device-under-test (DUT) pair. As these components
are determined by the setup, they do not vary independently
of . This leads to an excitation that does not fill up the
full five-dimensional excitation space, but remains instead on
a one-dimensional curve in it. The five dimensions are the am-
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Fig. 1. Ideal source driving an amplifier (the DUT) with a nonlinear input
impedance.

plitude of each component (three in total) and the phase of the
harmonics referred to the fundamental (two more dimensions).

When a model is extracted using this type of measurement, a
good agreement between model and measurement is obtained.
However, the resulting model is very unreliable, as it does not
allow any generalization. Even simple simulations like the
prediction of the system output for a pure sine excitation at
the input (putting and equal to zero) will fail.
The extracted model uses the additional degrees of freedom
contained in the input space to reach a better fit of the measured
data: basically, the model does not only describe the nonlinear
system behavior, but the combination of the generator and
system setup. Changing one of the components of this setup
will, hence, change the model. It is clear that, for simulation
purposes, this is unacceptable. For that reason, the nonlinear
source–pull should be separated from the system model. In this
paper, the quality of a model will be judged by the plausibility
of its response for an ideal sine wave at the input.

II. I LLUSTRATION OF THE PROBLEM

Nonlinear source load–pull is an effect induced by the cas-
cade of a source with nonzero output impedance and a nonlinear
device. Even for a generator that is matched for all frequen-
cies and whose output spectrum is a pure tone, there will still
be waves at the harmonic frequencies exciting the DUT. Con-
sider the following system built with a perfect generator driving
an amplifier with a nonlinear input impedance. We can see that
even though the generator is supposed to be matched perfectly,
harmonics appear in the excitation spectrum because of the vari-
ation of the input impedance of the DUT implied by the nonlin-
earity itself.

Using the circuit of Fig. 1, the incident and reflected
wave are easily calculated if the square root is approximated by
its Taylor series

(1)
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However, due to the nonlinear input impedance, the character-
istic impedance of the input of the DUT changes and
now depends on the power in , resulting in a power-depen-
dent mismatch at the device input. Converting the waves to an-
other impedance system will introduce the harmonics in
the wave traveling forward; (2) shows that the DUT will be ex-
cited by the nonlinear harmonics, even though our generator is
supposed to be perfect. This shows that when looking at the non-
linear behavior of a DUT, one has to take into account that the
DUT is always excited at the harmonic frequencies.

Even if a filter would be added in between the generator and
DUT, this would not solve the problem, as the impedance
would now be the output impedance of the filter. Note also that
this mismatch is dependent on the input power and frequency;
a linear matching network, albeit ideal, can, therefore, never be
used to obtain a perfect match for all cases.

Hence, the nonlinear source–pull effect cannot be avoided
for devices whose input impedance is nonlinear. The goal of
this paper will now be to avoid that this disturbance impairs the
quality of the models that are extracted. If no specific precaution
is taken, the extracted model will describe the generator–DUT
pair as a whole. Modifying one of the components (e.g., using a
spectrally pure excitation instead of the actual distorted signal)
may—and actually will—significantly degrade model perfor-
mance

(2)

III. B ASIC IDEA

From the identification point-of-view, the main trouble comes
from the fixed phase relation between the different harmonics of
the input signal. One could use an impedance tuner between the
source and DUT to vary the source–pull and change the phase
relation between the harmonics. However, this does not allow
to control directly the phase of the harmonics unless complex
harmonic tuners are used.

The solution that we propose in this paper is to excite the
system with a two-tone excitation with almost coinciding fre-
quencies and . This is very close to a CW excitation, but
introduces one more user controllable degree of freedom in the
choice of the input signal: the phase between the two compo-
nents. Now, when mixing will occur between these components,
the resulting phase will be influenced by the phase difference
between the carriers at and .

Due to the nonlinear source–pull, the incident waves will
consist of and their (inter)modulation prod-
ucts. All these components contribute to the output. Restricting
ourselves without loss of generality to third-degree nonlineari-
ties, the contributions at the fundamental frequencyhave the

Fig. 2. Experimental setup.

following form: (linear), ,
and other third-degree participations. Similar contributions
appear at : (linear),
together with other third-degree participations. Completely
different terms appear at the nearby frequency , e.g.,

. The Volterra kernels [3] associated
with these different third-order products can be approximated
by the same value because these contributions hit the nonlinear
system at almost the same place on the multidimensional
frequency grid . However, they have a completely
different phase relation that is easily changed by varying the
phase of and using the single-sideband (SSB)
in-phase quadrature (IQ) modulation.

Theoretically speaking, any system that can be modeled using
Volterra series can be identified using this method. However,
for strong nonlinearities, the number of harmonics to take into
account might make the computation cost prohibitive: the more
harmonics are generated, the more input products one has to
compute.

IV. EXPERIMENTAL VERIFICATION

The prediction power of the extracted model will be assessed
as follows: the model that is extracted using the proposed
dual-tone method is used to model the DUT’s response to
a single sine wave at the same frequency. Next, the DUT’s
response itself is measured at this frequency for a sine-wave
experiment and compared to the obtained model and output
power predicted by the model extracted from the single-tone
measurements.

A. Measurement

The proposed method was tested on a MAR 6 amplifier from
Mini-Circuits, Brroklyn, NY, with the 1-dB compression point
at 6-dBm input power at 900 MHz. The measurements were
made on the same system (Fig. 2) with two different excitation
signals: a single tone at 900 MHz and a dual-tone excitation at
899.995 and 900.005 MHz. This allows to compare how both
methods perform. The input and output waves were measured
for an input power going from 20 to 0 dBm in 1-dB steps. For
each wave, the necessary frequency components were recorded
with the vectorial nonlinear network analyzer described in [1].

Fig. 3 shows that the phase differences between the funda-
mental and second harmonic (1800 MHz) are spread over the
whole range for the dual-tone experiments as intended,
while the phases of the second component for the single-tone
experiments stay the same. The plotted phase is computed as
the phase difference between the component at 1800 MHz and
the square of the first component (900 MHz for the single-tone
measurements, 899.995 MHz for the dual-tone measurements).
This representation cancels out the influence of the phase of
the fundamental and allows to see clearly the influence of the
eight phase steps used in the excitation signal. For low-input
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Fig. 3. Comparison of the phase of the second input harmonic for the MAR 6
setup [—: for single-tone measurements, symbols: for the dual-tone experiment
(eight different phases/experiments)].

powers, the second harmonics are very close to the noise floor,
resulting in a random distribution of the phases. For the higher
input powers, the second harmonics are clearly defined and it
is obvious that the phase relation between the second harmonic
and fundamental stays fixed and that the variation comes from
the different phase realizations of the dual-tone excitation.

B. Extracted Models

The kernels were estimated with (3) as the cost function. This
is a slightly modified weighted least squares estimator [7] where

is the measured output wave, is a horizontal vector
containing the products of the measured input waves, is
a vertical vector with the unknown Volterra kernels (ordered in
the same way as the products), andis the weighting function

(3)

In identification, it is common practice to select to match the
level of uncertainty: is then equal to the standard deviation of
the numerator of (3). Here, the weights are not computed analyt-
ically using the standard deviation of the measurements, but es-
timated from the measured values: each measurement has been
repeated (64 times for the CW measurements and three times for
the dual-tone measurements), and the standard deviation of the
equation error is computed using each repetition as a sample.
This makes the weights a function of the estimated kernels. To
simplify the equation, the kernel values from the previous esti-
mation step are used. Since the proposed scheme is iterative, the
estimation of the kernel values has to be initialized. The first es-
timates of the kernels are the values that minimize the classical
unweighted least squares cost function.

The measurements are done over a wide power range. To
cover the whole range, attenuators have been added during the
experiment to optimize the dynamic range of the analog-to-dig-
ital convertors (ADCs). This causes the noise level in the mea-
surements to increase with the input power level.

Fig. 4. Comparison of the measured output power and the fitted output power
for the single-tone experiments for the MAR 6 (�: fitted data,�: measurements).

Fig. 5. Quality of the fit for some of the MAR 6 amplifier’s dual-tone
measurements (�� = �, �: measurements,�: model value).

C. Comparison of the Extracted Models for the Single- and
Dual-Tone Measurements

With the data from the CW experiment, the Volterra ker-
nels up to the seventh order contributing to the fundamental
frequency at the output were estimated. These kernels will be
called the single-tone kernels, with “single tone” indicating they
were obtained from CW measurements. In Fig. 4, the model was
applied on the same experimental data that is used to identify the
model and compared to the measured output. A perfect fit is ob-
tained. The convergence of the kernel values is extremely fast:
the optimum is reached usually in less than five iterations.

It is impossible to represent on a plot the different axes needed
to compare the fit of the dual-tone model with the dual-tone
measurements: there should be an axis for the input power, one
for the phase realization, one for the frequency, and one for
the output power. Thus, only a subset of the data is plotted in
Fig. 5 to illustrate the comments. For high-input powers, addi-
tional frequency lines close to the fundamental frequency are in-
cluded: these are the lines excited by the nonlinear source–pull
that grow above the noise when the input power increases. Their
existence in the bottom two plots of Fig. 5 proves that nonlinear
source–pull is indeed present.

The fit of the dual-tone model is not as good as for the
single-tone case: the output predicted by the model for the
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TABLE I
NUMERICAL VALUES OF SOME OF THEESTIMATED VOLTERRA KERNELS FOR THEMAR 6 AMPLIFIER

Fig. 6. Output of the identified model for a pure sine excitation for the MAR 6
(—: output of single-tone model, : output of dual-tone model,�: single-tone
measurements,+: dual-tone measurements).

measured input matches the measured outputs less closely.
This was to be expected: the input signal is much richer, yet
the same number of parameters is estimated. Note also that
the measurement points where the fit appears to be much
worse correspond to frequency lines that are not in the in-
tended excitation spectrum. These lines result of the nonlinear
source–pull third-order contributions (e.g., , ).
These contributions are much smaller than the lines excited by
the generator and have a bad signal-to-noise ratio. Since the
estimator weights measurements according to their quality, the
fit for these lines may be loose without a significant increase of
the cost. For lower input powers (see the upper plots of Fig. 5,
where these side lines are hidden in the noise), they are not
even taken into account.

A simulation of the CW and dual-tone model is per-
formed in Fig. 6 for a pure sine-wave excitation using the
models extracted from the measurements, using only the
kernels , , ,
and . Despite the perfect fit
between the CW model and measurement (all input harmonics
included), a very poor prediction is obtained here, while the
dual-tone model predicts much better.

Fig. 7. Output of the identified model for a pure sine excitation for the RFIC
(—: output of single-tone model, : output of dual-tone model,� : single-tone
measurements,+: dual-tone measurements).

A second experiment was performed on an RF amplifier
from Motorola, Denver, CO, i.e., the MRFIC2006. The mea-
surements were done at 600 MHz, from16-dBm input power
until 2-dB compression. The 1-dB compression point of this
amplifier is at 0.2-dBm input power at 600 MHz. The results
for this second experiment were very analogous. Thus, only one
figure (Fig. 7) assessing the prediction power of the extracted
model will be included.

Fig. 7 shows the same simulation as Fig. 6 for the RF inte-
grated circuit (RFIC). The model extracted from dual-tone mea-
surements was extrapolated to match the CW power range and
still looks plausible: the crosses indicate that the dual-tone mea-
surements cover a smaller power range than the thick line, which
shows the output of the dual-tone model. On the other hand,
the output power simulated with the model identified from the
single-tone model does not look plausible at all since expansion
is predicted instead of the measured compression.

D. Comparison of the Estimated Kernel Values for the MAR 6

Table I shows the estimated single- and dual-tone kernel
values for the MAR 6 DUT. To compare their relative impor-
tance, the power of each kernel for the highest measured input
power of 2 dBm is included. This power is computed as the
predicted output power when all other kernel values are set
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to zero. The bold kernels in Table I are the ones used for the
predictions in Fig. 6.

The first line shows that we are in compression: the output
power predicted by the linear kernel is higher than the mea-
sured output power. The higher order kernels will, hence, need
to cancel a part of this linear contribution. Since these kernels
tend to infinity for rising power, a saturation contribution as re-
quired here can only be obtained when kernel contributions are
almost canceling. This explains the huge power values created
by separate kernels, for instance, the kernel.
However, for the higher order kernels, the contributions of the
single-tone kernels to the prediction are higher than the con-
tributions of the dual-tone kernels. Due to the phase variation,
fitting the dual-tone kernels to reach cancellation on a certain
phase realization will lead to a huge error for another phase re-
alization of the input signal at the same input power. Hence, the
estimation algorithm keeps the power from these kernel values
low instead of trying to follow the noise. In the CW case, the es-
timator is able to follow the noise by increasing the higher order
kernel’s power as long as they nearly cancel out because the ex-
citation space is not completely filled by the input signal.

Note that for the MAR 6, a good estimation could also
have been obtained from single-tone measurements. One
could simply consider the source as being perfectly matched
and identify the Volterra kernels linked with the fundamental
only. However, this works only because the matching of the
generator and the MAR 6 was so good that the source–pull
could hardly be seen. For a larger nonlinear source–pull, it
becomes mandatory to include the input harmonics, leading to
the aforementioned problems. The advantage of the dual-tone
experiments is to provide a robust method that can be used
without much prior knowledge (such as knowing whether there
is nonlinear source–pull or not).

V. CONCLUSION

A simple method has been proposed to measure and identify
sensible models of the nonlinear system behavior, even in the
presence of nonlinear source–pull, using a single generator with
SSB IQ modulation options (e.g., the Rohde and Schwarz SMIQ
06B generator). As opposed to models identified from CW ex-
periments, these models allow generalization and can be used
for simulation purposes. This method has been applied success-
fully to experimental measured data.
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